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The aim of this work is to introduce the concept of L-fuzzy interior systems and L-fuzzy
interior operators. We start by establishing a connection between L-fuzzy interior systems
and L-fuzzy interior operators. It is shown that an L-fuzzy interior system is precisely the
fuzzy system in opposition to the crisp system, and an L-fuzzy interior operator is a suitable
interior operator that has a close relation to an L-fuzzy interior system. It is also shown that
there is a Galois correspondence between the category of L-fuzzy interior system spaces
and that of L-fuzzy interior spaces.
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1. Introduction
Closure and interior operators on ordinary sets belongs to a very fundamental mathematical structure with direct
applications, both mathematical (topology, logic, for instance) and extramathematical (e.g. data mining, knowledge
representation). In fuzzy set theory, several particular cases as well as general theory of closure operators which operate
with fuzzy sets (so called fuzzy closure operators) are studied [1–7]. Interior operators, however, have appeared in only a
few studies [3,8–10], and it seem that no general theory of interior operators has appeared so far. In ordinary set theory,
closure and interior operators on a set in a bijective correspondence. Namely, recall that amappingI : 2X −→ 2X is called an
interior operator on X if (1) I(A) ⊆ A; (2) A ⊆ B implies I(A) ⊆ I(B); (3) I(A) = I(I(A)) for any subset A, B of X . A closure
operator on X is a a mapping C : 2X −→ 2X satisfying (1) A ⊆ C(A); (2) A ⊆ B implies C(A) ⊆ C(B); (3) C(A) = C(C(A))
for any subset A, B of X . It is well known that given an interior operator I and a closure operatorC, puttingCI(A) = (I(A⋆))⋆
and IC(A) = (C(A⋆))⋆,CI is a closure operator and IC is an interior operator, where A⋆ denotes the complement of A. That
is, having developed the theory of closure operators, one can automatically obtain the theory of interior operators with
corresponding ‘‘translation rules’’ transforming true statements about closure operators to true statements about interior
operators and vise versa. This is possible, as an easy observation shows, due to the law of double negation (which says that
for each set A = ((A⋆))⋆) which is true in ordinary set theory. In general however, the law of double negation does not hold
in fuzzy set theory.
Recently, Bělohàvek [11] outlined a general theory of fuzzy interior operators and fuzzy interior systems using the
structure of the residuated lattice in place of the usual structure of truth value on [0, 1]. In fact, the structure of the residuated
lattice had been proposed as a suitable structure of truth values by Goguen [12]. Note that the notion of residuated lattice
also can be found in [13,14]. The concepts of a fuzzy interior operator and a fuzzy interior systems [15] generalized notions
introduced and studied earlier in two directions: that is, a complete residuated lattice was used and the usual condition
of monotonicity of fuzzy interior operator was also generalized. But, the viewpoint of this paper is that Bělohàvek’s, fuzzy
interior systemmaynot be themost suitable oneprecisely because the fuzzy interior system (namely, the LK -interior system)
is a classical family of fuzzy subsets on a universe set X . The aim of this paper is to propose a more general theory of interior
systems in fuzzy setting, and then we could realize the notion of Bělohàvek’s fuzzy interior system as a special case.
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The structure of this paper is as follows. In Section 2, we state some preliminary concepts and properties. The concepts of
the strong L-fuzzy interior system and the strong L-fuzzy interior operator are proposed in Section 3. In Section 4 it is shown
that there is a Galois correspondence between the category of the L-fuzzy interior system spaces and that of the L-fuzzy
interior spaces.
2. Preliminaries
Throughout this paper, L denotes a complete lattice. The greatest element of L is denoted by 1 and the least element of
L is denoted by 0. For A ⊆ L, we write A for the least upper bound of A and A of A for the greatest lower bound of A.
Specifically,

L = 1 and L = 0 are respectively the universal upper and the universal lower bounds in L. We assume
that 1 ≠ 0, i.e. L has at least two elements.
Definition 2.1 ([5,12,16,17]). A complete residuated lattice is a triple (L,⊙, 1) such that
(L1) L is a complete lattice,
(L2) (L,⊙, 1) is a commutative monoid, i.e.,⊙ is a commutative binary operation and a = a⊙ 1, for each a ∈ L,
(L3) there exists a further binary operation → (called the implication operator or residuated) satisfying the following
condition:
x → y =

{z ∈ L | x⊙ z ≤ y},
for each x, y, z ∈ L, Then it satisfies Galois correspondence, that is,
(x⊙ y) ≤ z ⇔ x ≤ y → z.
Some basic properties of the binary operation⊙ and residuated operation→ are collected in the following lemma, and
they can be found in many works, for instance [13,15,18–21].
Lemma 2.2. Suppose that (L,⊙, 1) is a complete residuated lattice. For each x, y, z ∈ L, {yi | i ∈ Γ } ⊂ L, we have the following
properties.
(1) If y ≤ z, (x⊙ y) ≤ (x⊙ z), (x → y) ≤ (x → z) and (z → x) ≤ (y → x),
(2) x⊙ y ≤ x ∧ y,
(3) 1→ x = x, and 0⊙ x = 0,
(4) x ≤ y if and only if x → y = 1,
(5) (x → y)⊙ (y → z) ≤ (x → z),
(6) x →i∈Γ yi =i∈Γ (x → yi),
(7) (

i∈Γ xi)→ y =

i∈Γ (xi → y),
(8) (x⊙ y)→ z = x → (y → z) = y → (x → z),
(9) x⊙ (x → y) ≤ y and x ≤ (x → y)→ y,
(10) y ≤ x → y and y ≤ x → (x⊙ y),
(11) (x → y)⊙ (w→ z) ≤ x⊙ w→ y⊙ z,
(12) x → y ≤ (y → z)→ (x → z).
Let X be a nonempty set. An L-subset on X is a mapping from X to L, and the family of all L-subsets on X will be denoted
by LX . We denote the constant L-subsets on X taking the value 0 and 1 by 0X and 1X , respectively. We do not distinguish an
element α ∈ L and the constant function α : X → L such that α(x) = α for all x ∈ X . We denote the characteristic function
of a subset A of X by 1A.
All algebraic operations on L can be extended pointwise to the set LX as follows: for all x ∈ X ,
(1) λ ≤ µ iff λ(x) ≤ µ(x) for all x ∈ X;
(2) (λ⊙ µ)(x) = λ(x)⊙ µ(x);
(3) (α ⊙ µ)(x) = α ⊙ µ(x);
(4) (λ→ µ)(x) = λ(x)→ µ(x).
Recall that an L-partially ordered set [22,7] is a set P together with a binary mapping P(−,−) : X × X → L, called an
L-partial ordered, such that
(1) P(x, x) = 1 for every x ∈ X ,
(2) P(x, y) = P(y, x) = 1 H⇒ (x = y) for every x, y ∈ X ,
(3) P(x, y)⊙ P(y, z) ≤ P(x, z) for every x, y, z ∈ X .
For a given set X , define a binary mapping S(−,−) : LX×X → L as
S(λ, µ) =

x∈X
(λ(x)→ µ(x)), ∀(λ, µ) ∈ LX × LX .
Then S(−,−) is an L-partial order on LX . For each λ,µ ∈ LX , S(λ, µ) can be interpreted as the degree to which λ is a subset
of µ. It is called the fuzzy inclusion order [11,22,7].
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Lemma 2.3. Let S(−,−) be the fuzzy inclusion order. Then the following statement holds:
(1) λ ≤ µ⇔ S(λ, µ) = 1,
(2) S(λ, µ)→ S(λ, ρ) ≥ S(µ, ρ),
(3) S(λ, α → µ) = S(α ⊙ λ,µ) = α → S(λ, µ),
(4) λ ≤ µ⇒ S(ρ, λ) ≤ S(ρ, µ) and S(λ, ρ) ≥ S(µ, ρ).
Lemma 2.4. Let f : X → Y be a mapping. Then the following statement holds:
(1) S(λ, µ) ≤ S(f→(λ), f→(µ)), for each λ,µ ∈ LX
(2) S(ρ, ν) ≤ S(f←(ρ), f←(ν)) for each ρ, ν ∈ LY .
In particular, if the mapping f : X → Y is bijective, then the equalities hold.
3. L-fuzzy interior systems and interior operators
A system S = {λi ∈ LX | i ∈ I} is called L-interior system iff 0X ∈ S and the union of all λi ∈ S belongs to S. The pair
(X, S) is called an L-interior system space. An L-interior system space is called enriched if
(r) α ⊙ λ ∈ S, for all α ∈ L and λ ∈ S.
Definition 3.1. A mapping T : LX → L is called an L-fuzzy interior system on X if it satisfies the following conditions:
(S1) T (0X ) = 1,
(S2) T (

i∈Λ µi) ≥

i∈Λ T (µi), for any {µi}i∈Λ ⊂ LX .
The pair (X, T ) is called an L-fuzzy interior system space. An L-fuzzy interior system space is called enriched if
(R) T (α ⊙ λ) ≥ T (λ), for all α ∈ L, λ ∈ LX .
Definition 3.2. A mapping I : LX → LX is called an L-fuzzy interior operator on X if it satisfies the following conditions:
(FI1) ∀λ ∈ LX , S((I(λ), λ)) = 1,
(FI2) ∀λ,µ ∈ LX , S(λ, µ) ≤ S(I(λ), I(µ)),
(FI3) ∀λ ∈ LX , I(I(λ)) = I(λ).
The pair (X, I) is called an L-fuzzy interior space.
Given an L-interior operator I, and an L-interior system I, we put SI = {I(λ) | λ ∈ LX }, and define IS : LX → LX , by
IS(λ) =µ∈LX S(µ, λ)⊙ µ, for any λ ∈ LX . Then SI = S(λ, I(λ)) is an L-interior system and IS is an L-interior operator.
For a given L-fuzzy interior system, there is a natural way to derive a fuzzy interior operator in the following way:
IT : LX → LX , IT (λ) =

µ∈LX
T (µ)⊙ S(µ, λ)⊙ µ, ∀λ ∈ LX .
Conversely, from a given an L-fuzzy interior operator I, there is also a method to obtain a L-fuzzy interior system in the
following way:
TI : LX → L,
TI(λ) = S(λ, I(λ)), ∀λ ∈ LX .
Note that it follows from (FI3) that
T (I(λ)) = S(I(λ), I(I(λ))) = 1.
Note that (FI2) implies I(α ⊙ λ) ≥ α ⊙ I(α), for all λ ∈ LX and α ∈ L, because
S(I(λ), I(α ⊙ λ)) ≥ S(λ, α ⊙ λ) ≥ α ⊙ S(λ, λ) ≥ α.
That is, α ⊙ I(λ) ≤ I(α ⊙ λ).
Theorem 3.3. If I : LX → L is an L-fuzzy interior system, then IT is an L-fuzzy interior operator.
Proof. In order to check (FI1), we have to show that IT (λ) ≤ λ for each λ ∈ LX . In fact,
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S(IT (λ), λ) =

x∈X
(IT (λ)(x) −→ λ(x))
=

x∈X

µ∈LX
(T (µ)⊙ S(µ, λ)⊙ µ(x)) −→ λ(x)

=

x∈X

µ∈LX

(T (µ)⊙ S(µ, λ)⊙ µ(x)) −→ λ(x)

=

x∈X

µ∈LX

(T (µ)⊙ S(µ, λ)) −→ (µ(x) −→ λ(x))

=

µ∈LX

(T (µ)⊙ S(µ, λ)) −→

x∈X
(µ(x) −→ λ(x))

=

µ∈LX

(T (µ)⊙ S(µ, λ)) −→ S(µ, λ)

≥ 1.
That is, IT (λ) ≤ λ for each λ ∈ LX .
For (FI2), it is suffices to show that S(λ, µ) ≤ S(I(λ), I(µ)).
S(IT (λ), IT (µ)) =

x∈X
IT (λ)(x) −→ IT (µ)(x)
=

x∈X

ρ∈LX
(T (ρ)⊙ S(ρ, λ)⊙ ρ(x)) −→

ν∈LX
(T (ν)⊙ S(ν, µ)⊙ ν(x))

=

x∈X

ρ∈LX

(T (ρ)⊙ S(ρ, λ)⊙ ρ(x)) −→

ν∈LX
(T (ν)⊙ S(ν, µ)⊙ ν(x))

≥

x∈X

ρ∈LX

(T (ρ)⊙ S(ρ, λ)⊙ ρ(x)) −→ (T (ρ)⊙ S(ρ, µ)⊙ ρ(x))

≥

x∈X

ρ∈LX

(S(ρ, λ) −→ S(ρ, µ))⊙ (T (ρ)⊙ ρ −→ T (ρ)⊙ ρ)

(by Lemma 2.2)
≥

x∈X

ρ∈LX

S(ρ, λ) −→ S(ρ, µ)

⊙ 1 (by Lemma 2.3)
≥ S(λ, µ). 
For (FI3), we have to show that IT (IT (λ)) ≥ IT (λ) for each λ ∈ LX . Since T (IT (λ)) = 1 and 1⊙ α = α for all α ∈ L,
we have
IT (IT (λ)) =

µ∈LX
T (µ)⊙ S(µ, IT (λ))⊙ µ
≥ T (IT (λ))⊙ S(IT (λ), IT (λ))⊙ IT (λ)
= 1⊙ IT (λ)
= IT (λ).
Note that if T : LX → L is an L-fuzzy interior system, then
T (λ) = 1 H⇒ IT (λ) =

µ∈LX
T (µ)⊙ S(µ, IT (λ))⊙ µ
≥ T (λ)⊙ S(λ, λ)⊙ λ
= λ.
Hence, we get the following corollary.
Corollary 3.4. If T : LX → L is an L-fuzzy interior system, then for every λ ∈ LX , T (λ) = 1 implies IT (λ) = λ.
Theorem 3.5. If I : LX → LX is an L-fuzzy interior operator, then TI is an enriched L-fuzzy interior system space.
Proof. (S1) holds since TI(0X ) = S(0X , I(0X )) = S(0X , 0X ) = 1.
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Let {λi | i ∈ I} be a family of L-fuzzy subsets. Then
TI

i∈I
λi

= S

i∈I
λi, I

i∈I
λi

=

x∈X

i∈I
λi(x) −→ I

i∈I
λi

(x)

≥

x∈X

i∈I

λi(x) −→

i∈I
I(λi)(x)

(by Lemma 2.3)
≥

i∈I

x∈X

λi(x) −→ I(λi)(x)

=

i∈I
S(λi, I(λi))
=

i∈I
TI(λi).
Thus, (S2) is true, and the proof for the first part is completed.
(R) Let α ∈ L and λ ∈ LX . It can proved as follows
TI(α ⊙ λ) = S

α ⊙ λ, I(α ⊙ λ)

≥ S

α ⊙ λ, (α ⊙ I(λ))

(by Lemma 2.3)
= (α → α)⊙ S(λ, I(λ))
= 1⊙ TI(λ)
= TI(λ). 
Theorem 3.6. If I is an L-fuzzy interior operator on X, and T is an L-fuzzy interior system on X, then ST = {λ ∈ LX | TI(λ) = 1}
is an enriched L-interior system space.
Theorem 3.7. If I is an L-fuzzy interior operator on X, and T is an L-fuzzy interior system on X, then ITI ≤ I and TIT ≥ T .
Proof.
TIT (λ) = S

λ, I(λ)

=

x∈X

λ(x) −→ I(λ)(x)

=

x∈X

λ(x) −→

µ∈LX
T (µ)⊙ S(µ, λ)⊙ µ(x)

≥

x∈X

λ(x) −→ T (λ)⊙ S(λ, λ)⊙ λ(x)

≥ T (λ)⊙ S(λ, λ) (by Lemma 2.3)
= 1⊙ T (λ)
= T (λ).
Thus it follows that TIT ≥ T . Next, ITI ≤ I is valid, since
TIT (λ)(x) =

µ∈LX
TI(µ)⊙ S(µ, λ)⊙ µ(x)
=

µ∈LX
S(µ, I(µ))⊙ S(µ, λ)⊙ µ(x) (by the definition of TI)
≤

µ∈LX
S(µ, I(µ))⊙ S(I(µ), I(λ))⊙ µ(x)
≤

µ∈LX
S(µ, I(µ))⊙ µ(x) (by transitivity of S)
≤ I(λ). 
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4. Category of L-fuzzy interior system spaces
We devote this section to the categorical aspect of the relationship between L-fuzzy interior spaces and L-fuzzy interior
system spaces. We refer to [23] for category theory. A mapping f : X −→ Y is called continuous from (X, T ) to (X,V)
if it holds that V(f←(λ)) ≥ V(λ) for all λ ∈ LY , where f←(λ) = λ ◦ f . The category of L-fuzzy interior system spaces
with continuous mappings as morphisms is denoted by L-FIss. Write SL-FIss for the full subcategory of L-FIss composed
of objects of all enriched L-fuzzy interior system spaces. And f is called continuous from (X, IX ) to (X, IY ) if it holds that
IX (f←(λ)) ≥ f←(IY (λ)) for all λ ∈ LY . The category of L-fuzzy interior spaces with continuous mappings as morphisms is
denoted by L-FIs. Write SL-FIs for the full subcategory of L-FIs composed of objects of all L-fuzzy interior spaces.
First of all, we recall here some basic terminology and results; a concrete category is a pair (A,U), where A is a category
andU : A −→ Set is a forgetful functor. So, every object in a concrete category can be regarded as a structured set.We simply
write A for (A,U) if the forgetful functor is evident. All of the categories involved in this section are concrete categories. A
concrete functor between concrete categories (A,U) and (B,V) is a functor F : A −→ B such that U = V ◦ F. This means
that F only changes the structures of the underlying sets, leaving the underlying and morphisms unchanged.
Theorem 4.1 (Adámek et al. [23]). Suppose that F : A −→ B and G : B −→ A are concrete functors. Then the following
conclusion are equivalent:
(1) idY : F ◦ G(Y ) −→ Y where Y ∈ B is a natural transformation from the functor F ◦ G to the identity functor idB on B, and
idX : X −→ G ◦ F(X) where X ∈ A is a natural transformation from the identity functor idA on A to the functor G ◦ F.
(2) For each Y ∈ B, idY : F ◦ G(Y ) −→ Y is a B-morphism, and for each X ∈ A, idX : X −→ G ◦ F(X) ia an A-morphism. In this
case, (F,G) is called a Galois correspondence between A and B.
If (F,G) is a Galois correspondence, then it is easy to verify that F is a left adjoint of G or equivalently, G is a right adjoint of F.
Theorem 4.2. If a mapping f : (X, IX )→ (Y , IY ) is continuous, then f : (X, TIX )→ (Y , TIY ) is continuous.
Proof.
TIX (f
←(λ)) = S

f←(λ), IX (f←(λ))

≥ S

f←(λ), f←(IY (λ))

≥

x∈X

λ(f (x)) −→ IY (λ(f (x)))

≥

y∈Y

λ(y) −→ IY (λ)(y)

= S(λ, IY (λ))
= TIY (λ).
From Theorem 4.2, we obtain a concrete functorΞ : L-FIs −→ L-Iss by
Ξ : (X, I) −→ (X, T ), and f −→ f .
Note that we still write Ξ for the restriction of the functor Ξ : L-Is −→ L-FIss to the full subcategory SL-FIs, and by
Theorem 3.5,Ξ : SL-FIs −→ SL-FIss forms a concrete functor also. 
Theorem 4.3. If a mapping f : (X, TX )→ (Y , TY ) is continuous, then f : (X, ITX )→ (Y , ITY ) is continuous.
Proof.
f←(ITY (λ)) = f←

µ∈LY
TY (µ)⊙ S(µ, λ)⊙ µ

=

µ∈LY
TY (µ)⊙ S(µ, λ)⊙ f←(µ) (by Lemma 2.4)
≤

µ∈LY
TX (f←(µ))⊙ S(f←(µ), f←(λ))⊙ f←(µ)
≤

ρ∈LX
TX (ρ)⊙ S(µ, f←(λ))⊙ ρ
= ITX (f←(λ)). 
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From Theorem 4.3, we obtain a concrete functor Υ : L-FIss −→ L-FIs by
Υ : (X, T ) −→ (X, IT ), and f −→ f .
If we still write Υ for the restriction of the functor Υ : L-FIss −→ L-FIs to the full subcategory SL-FIs, then by
Theorem 3.3, Υ : SL-FIss −→ SL-FIs forms a concrete functor.
By Theorem 3.7, if I is an L-fuzzy interior operator on a set X , then the identity map idX : (X, I) −→ (X,Υ (Ξ(I))) =
(X, ITI) is continuous. It follows that idX is an L-FIsmorphism. Moreover, if T is an L-fuzzy interior system on a set Y , then
the identity map idY : (Y ,Ξ(Υ (T ))) = (X, TIT ) −→ (Y , T ) is continuous. This means that idY is an L-FIss morphism.
Therefore by Theorem 4.1(2), (Ξ ,Υ ) is a Galois correspondence.
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